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Abstract
Previous results on fermion chirality-ipping four-point functions are ex-
tended to SU (N ) gauge theories. The problem is purely non-perturbative, and
it is approached by truncating the Schwinger-Dyson hierarchy. The large-N
limit also simplies the problem substantially. The resulting equation is solved
numerically by relaxation techniques and an estimate of the critical coupling
and momentum behavior is obtained. We also comment on the behavior of







In this paper we study the dynamical generation of momentum dependent fermion
four-point functions within the framework of non-abelian gauge theories. These will
be purely non-perturbative quantities associated with breakdown of chiral symme-
tries, and would for example imply the existence of the corresponding four-fermion
condensates. Our analysis is based on the Schwinger-Dyson (SD) formalism. The
resulting equations are analytically intractable and thus we seek numerical solutions.
We have two main goals in this study. One is to estimate the critical value
of the gauge coupling necessary for the formation of the four-point functions. We
would like to study this in a case where four-point functions develop on scales higher
than the scale of mass formation. This would make it consistent to treat the four-
point function problem in isolation, independently of the mass generation problem.
This is not the case for QCD, but even in that case it is useful to at least consider
the existence of the eects we study here.
In extensions of the standard model the hierarchical symmetry breaking pat-
tern we envisage can be a natural consequence of the fact that a four-point function
may break fewer continuous symmetries than the two-point function. In the case
that some of these symmetries are gauged, then these additional interactions could
resist the formation of two-fermion condensates. If so, the two-fermion condensates
may form on a scale lower than the scale of the four-point functions, or not form
at all. With these possibilities in mind, in our work here we shall simply ignore
two-fermion condensates.
Our other goal is to extract the momentum dependence of the dynamical
1
fermion four-point function. For example if such an object is to play a role in
generating a fermion or a gauge-boson mass, then two or four lines of the four-
point function may be closed o into a loop or into another four-point function.
It proves then interesting to study the details of the momentum dependence, such
as the relative size of the four-point function when dierent pairs of momenta are
large. The factorization hypothesis, according to which the four-point function can
be treated as a product of two two-point functions, is of no use here since we neglect
two-fermion condensates.
In the present study we use a one gauge-boson exchange approximation.
Since the gauge boson can attach to any pair of the four legs, the SD equation sums
up a much more complicated set of diagrams than the set of ladder graphs. The
present work constitutes a clear progress with respect to our previous study [1],
since, apart from considering a general non-abelian group, it includes a treatment
of non-linearities, it does not neglect terms proportional to external momenta while
at the same time exploring the full available momentum space, and in a certain
limit allows us to comment on the behavior of certain 2n-point functions.
In the next section we consider the SD equation for the fermion chirality-
ipping four-point function in a non-abelian theory, and then compute the form it
takes in the large-N limit of an SU(N) theory in section 3. In section 4 we discuss
our numerical treatment and results, and in section 5 we generalize our results to
2n-point functions.
2
2 The equations in the non-abelian case




























 . We constrain
our study to just one fermion avor in a representation of a gauged simple Lie group.


























































































































are the generators of the non-abelian Lie algebra. The vacuum expectation
values of these four operators receive exclusively non-perturbative contributions.






 , where  ; 
0
are










is an integer is still present and would have to be broken before fermion mass could
form. As mentioned in the introduction, other eects in a more realistic theory
could resist the breaking of such a symmetry. Here we shall simply assume that
fermion masses are smaller than the typical scale of our problem, and can thus be
ignored.
Note that we have omitted chirality ipping operators with derivatives, hav-




























, where each of the
1
We choose to work in Euclidean space, so there is no dierence between upper and lower
Lorentz indices.
3
derivatives with indices i; j; k; l= 1; :::; 4 acts on one of the four fermion elds. We
will present arguments supporting their omission later.
The SD formalism relevant to these four-fermion operators was discussed in
Ref. [1] and led to an equation shown diagrammatically in Fig. 1. It results from a
truncation of the SD hierarchy achieved by approximating the four-fermion+photon
vertex appearing in the equation by a four-fermion vertex and a photon attached via
a bare vertex on one of its legs. This truncation is analogous to the truncation often
used in the study of two-point functions. Such an approximation neglects, among
others, non-linearities that would become important in the infra-red. We will return
to them later. The equation has been symmetrized to include diagrams with gluons
connecting all possible pairs of fermions, so the right-hand side is multiplied by a
factor of 1=2. The analytical form of this equation is complicated by the non-abelian
nature of the gauge group, as we will shortly see.












gj0i. In momentum space, the four-point function receiving exclu-










































































depend on 6 variables,





, corresponding to the fermions with spinor indices ; ; ; 
respectively. We wish to develop the SD equations for these scalar functions.
























































































































where K is a function of the loop and external momenta, with a possibly non-trivial
spinor structure, the letters A; :::; F correspond to the diagrams shown in Fig.1 with
the gauge boson having four-momentum k, and  is the momentum-independent
coupling. We work in the Landau gauge which is popular in studies of SD equations;




















. The choice of this gauge
will be further justied later, when we consider the large-N limit of an SU(N) gauge
theory.
By combining the results of the abelian case [1] with the study on the color
structure given in Appendix A, and considering fermions in the fundamental repre-



























































































































































































































are the form factors with loop-dependent arguments
corresponding to diagrams i = A; :::; F [1].
We are faced with a system of four coupled 4-dimensional integral equa-
tions involving functions of 6 variables. As it stands, the problem is analytically
intractable, and even a numerical solution proves to be beyond our present means.
In the next section we present the simplication that the large-N limit of SU(N)
provides.
3 The large-N limit









































































































































decouple from the others and from each other. The
O
S+P
entry is positive, which means that there is an attractive interaction in this
channel necessary for the formation of a nonzero four-point function. In contrastO
T
is not expected to be nonzero. It is also apparent that O
color
S+P








itself. Even if the O
color
S+P;T
functions were somehow non-zero, we
would expect for them a critical coupling larger than the one required for O
S+P
.
The large-N limit also allows us to argue for the omission of contributions
coming from operators proportional to external momenta. With regards to the




























, we can see that the
contributions they receive from the dominant diagrams having the same functions
in their vertices (diagrams A and B for 1






color structures) are negative, so we do not expect the corresponding four-
point functions to be non-zero. This happens because, in the large-N limit, tensor
insertions give negative contributions. Even if other terms made them non-zero,
they would require a larger gauge coupling than the one needed for O
S+P
.























(and trivial color structure), which can obviously mix with the
form factor O
S+P
. If we take the operator O
1
for instance, we see that it receives a
negative contribution from diagram A and a positive one from diagram B. There-
fore, it might not develop a non-zero value, and if it did, it would require a larger
value for the gauge coupling than the critical value we are seeking. These operators
will also be neglected.
We now write down the integral equation for O
S+P





, where the form of the kernel of the integral equation indicates
that O
S+P





































































where the two terms on the right-hand side come from diagrams A and B respec-






















, and the two fermions in the loop have
four-momenta k and k   q respectively.





















). This just reects the fact that the loop





j for a given q
0
, and similarly
















































We have separated q
0
from the other two variables with a semi-colon since it is an
argument of
~
B that is not aected by loop momenta, and it can thus be treated as
if it were a parameter in the kernel.
8
Note that for q
0
= 0 this reduces to the linearized SD equation for the fermion
two-point function. For non-zero q
0
, the problem reduces to the one of a three-point
function, which has been studied before [2]. After some Dirac algebra, and omitting
























































































 = arctan (jkj=k
0
). Without














At this stage our equation is linear in RB, and we have yet to determine the
overall scale of O
S+P
. An example of nonlinear eects is provided by the diagram
in Fig.2. Such diagrams must contain an odd number of four-point functions, and
their presence will determine the overall scale of the solution. For large gluon
momentum such diagrams can be much more suppressed than the diagrams we
have been considering. They become important for small loop momentum, and in
this way they introduce a natural infrared cuto into our problem. To represent the








































), where r is a dimensionless
constant. It is interesting that r may have to be signicantly larger than unity, in
9
order to compensate for the loop-phase-space suppression factors appearing in the
diagram of Fig.2.
It is important to note that our crude representation of the infrared eects
does not aect the functional form of
~
B as obtained from the following equation
when p is large. We solve for the function pB in order to increase the accuracy of
the numerical solution that follows, since we expect B to decrease with increasing






















































































With regards to the gauge dependence of our results we note that the use
of the Landau gauge, along with a bare massless fermion propagator and a bare
gluon-fermion vertex, is consistent with the Ward-Takahashi identity at one-loop.
Moreover, in the large-N limit only diagrams A and B are important and the situ-
ation is then expected to be similar to that of the two-point function. In particular
in that case the use of the Landau gauge in the ladder approximation yields results
resembling those found in gauge-invariant treatments [3].
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4 Numerical results
The form of the integral equation allows us to use the same discretization lattice
for the arguments of the function B inside and outside the integral. The angles





; i = 1; :::; n. We avoid the endpoints
where the angles are equal to 0 or  since our integral has an integrable singularity
there.



















are the infrared and ultraviolet cut-os. 
UV
does not have to be much larger than the energy scale where our function is neg-
ligibly small. On the other hand, 
IR
has to be smaller than  which provides an





= = 100. We choose the number of points (n) in each dimension to be
equal to 40. Our results change little when this number is increased.
The integral equation is solved via a relaxation method. We rst insert
an initial conguration for our function, and then iterate the equation until it is
satised to a reasonable accuracy. We start by setting q
0
= 0 and determine the
critical coupling necessary for a solution. We then keep this coupling xed, and
for dierent values of q
0




). Our critical coupling
is N
c
= 2:7 0:3 which, from our previous discussion, is the same as the one for
chiral symmetry breaking via the two-point function with the same cut-os. In the
large-N limit and for innite 
UV






The function B(p; ; q
0
) has only a weak dependence on q
0




B(p; ; 0). We see that
p

B(p; ; 0) exhibits the cos ( log (p=)) behavior
11
(with  a coupling-dependent constant) that is well known in two-point function
studies. B(p; ; 0) is independent of  as expected, and even for nonzero q
0
the
dependence on  remains very weak.
The main q
0
dependence enters in the function R(q
0
) which we plot in Fig.4.
R(q
0
) falls rapidly with increasing q
0
; we nd that q
0
cannot exceed  by much













close to the zero of R(q
0
). We give more justication for this in Appendix B.
5 2n-point Green functions
The form that the integral equation takes for large N suggests a possible general-
ization of the above results. In particular, the diagrams that dominate are the ones
in which a gluon is attached between two fermion elds with spinor indices con-



























+h:c: >, where the ellipsis stands
for 2n 4 fermion elds paired with each other. They should form at a critical value
of the gauge coupling similar to that required by the two- and four-point functions.















depends on the momenta of the respective
fermion pair. In order for each of the B
i
to satisfy the same nal integral equation as
before, however, we would have to assume that the three-momenta of the fermions
in each pair are equal and opposite, so that ~q
i
= 0. We expect, though, that our
previous functions B and R should describe the qualitative momentum behavior of






In this work we considered chirality-changing fermion four-point functions in a non-
abelian gauge theory which receive non-perturbative contributions exclusively. We
have tackled the problem by writing down an equation derived from a truncation
of the innite SD hierarchy. The solution to this equation is expected to illustrate
some generic properties of four-point functions. The large-N limit of SU(N) ren-
ders the four-point problem similar to that of the three-point function. We nd that
a particular four-point function is much more likely to form than other four-point
functions, and that its critical coupling is equal to the one required for a two-fermion
condensate. The large-N limit also allows us to discuss the critical and momentum
behavior of fermion chirality-ipping 2n-point functions for n higher than two.
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Appendix A
The purpose of this appendix is to investigate the eects that the gluons in diagrams
A; :::; F have on the color structure of the fermion vertices. We consider the case
of fermions in a general representation of a compact simple Lie group. The group











(traceless) generators of the corresponding algebra.
The Dynkin index T
f



















































There are two color structures in the problem. One is 1
1, which is associ-
ated with the functions O
S+P;T


















 1 = C
f
1 
 1. Diagrams multiplied by C
f
, no change in color
structure.
ii. Diagrams C;D;E;F





































ii. Diagrams E; F











. This has to be reduced down to the
two initial color structures.




with respect to the basis of the unity matrix
























the case a = b proves that h
aac
= 0.





















































































But the unique quadratic tensor proportional to 1 is the quadratic Casimir of the




































, with h given above.
For fermions in the fundamental representation of SU(N), h =  1=N .
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iii. Diagrams C;D











. By using the commutation relations















The behavior of R(q
0
) can be understood qualitatively as follows. We already noted
that, for q
0
, our equation takes the form of the analogous equation for the two-point
function, namely



















where B does not depend on the angle ,  is proportional to N, and we chose
an alternative way of introducing non-linear eects in our problem by introducing
an IR cut-o to our integral, instead of the function A(q
0
) that we used before.
A non-zero q
0
acts as an additional IR cut-o to our integral, and we parametrize
its eects by introducing a form factor in our integral equation. Since we are only
interested in the qualitative behavior of our equation, we take this form factor to


































































Now, it is known that in the IR region, i.e. for momenta on the order of 
and smaller, B(p; q
0
) does not fall signicantly with increasing p, therefore we could

















dependence disappears in the continuum limit, and we have omitted




=) which also disappears in the limit
R(q
0









The function g is expected to be decreasing with increasing q
0
and to have
a simple zero at q
0
 . This is due to the fact that as q
0
gets larger, it plays
increasingly the role of the IR cut-o in (15). Since  is not allowed to vary, this
means that R(q
0
) has to decrease with q
0
and thereby increase the range of the
integral, in order to compensate for the lost support in the integral. We then
expect R(q
0
) to vanish at some nite value of q
0
close to , since at some point no
further decrease in R(q
0
) can provide the support the integral equation needs for a
solution.
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Figure 1: The schematic form of the SD equation. We have labeled the four fermions
by their spinor indices. We label the diagrams by the capital letters A; :::; F , and
we omit the factor of 1=2 multiplying the right-hand side.
Figure 2: An example of the non-linear terms that act as an IR cut-o in our theory.




Figure 4: The function R(q
0
).
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